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■ Abstract. Let A be a Hopf algebra over a field K of characteristic and suppose there is 

a coalgebra projection 7r from A to a sub-Hopf algebra H that splits the inclusion. If the 
projection is .ff-bilinear, then A is isomorphic to a biproduct R#^H where (-??,£) is called a 
pre-bialgebra with cocycle in the category WyT>. The cocycle £ maps R ® R to H. Examples 
of this situation include the liftings of point ed Ho pf algebras with abelian group of points T as 
classified by Andruskiewitsch and Schneider |ASl|. One asks when such an A can b e twisted by 
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a cocycle 7 : A ® A — > K to ob tain a Radford biproduct. By results of Masuoka [Mai 



Ma2 



and Gruncnfcldcr and Mastnak [ GM | , this can always be done for the pointed liftings mentioned 
above. 



In a previous paper [A.BM1], we showed that a natural candidate for a twisting cocycle is 
A o £ where A £ H* is a total integral for H and £ is as above. We also computed the twisting 
1 cocycle explicitly for liftings of a quantum linear plane and found some examples where the 

twisting cocycle we computed was different from A o £. In this note we show that in many 
cases this cocycle is exactly Ao{ and give some further examples where this is not the case. As 
well we extend the cocycle computation to quantum linear spaces; there is no restriction on the 
dimension. 
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In I ABM1 |, the authors studied twistings of Hopf algebras with a coalgebra projection, i.e., 
Hopf algebras A with a sub-Hopf algebra H such that there is an ff-bilinear projection 7r from 
A to H that splits the inclusion. Such Hopf algebras can be written as A = R#^H where (R,£) 



is a pre-bialgebra with cocycle £ : R (g> R — > H in the sense of [AMSl 3.64]. It was shown that 



there is a bijective correspondence between If-bilinear cocycles 7 e Zjj(A, K) and suitably defined 
left H -linear cocycles for the pre-bialgebra R. A main theorem was that for 7 £ Zj { (A,K) then 
A 1 = Ki R #£ y H where g Z^ 1 {R,K) is the restriction of the cocycle 7 to the pre-bialgebra R 
and £ 7R is suitably defined. One interesting problem then is to find a cocycle 7 G Zjj(A, K), or 
cquivalently 7^ G Zjj(R,K), such that A 1 is a Radford biproduct, i.e., such that £ 7H = sr®r- 
As an example, the twisting cocycle which twists the Radford biproduct B(V)H=k[T] of the group 
algebra K[T] of a finite abelian group T and the Nichols algebra B(V) for V a quantum plane to 
a lifting of B(V)#k[T] whose parameters are all nonzero scalars was explicitly computed. 



M. Beattie's research was supported by an NSERC Discovery Grant. This paper was written while A. Ardizzoni 
and C. Menini were members of G.N.S.A.G.A. with partial financial support from M.I.U.R. (PRIN 2007). 
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One problem studied in [ABM1| is the following. Given a cocycle 7 twisting R^^H to a Radford 
biproduct, is 7^ = A o £ where A is an integral on H invariant under the adjoint action of H on 



itself? It was shown in [ABM1| that if (A o is a cocycle for R, then it does twist R#^H to a 
Radford biproduct. The problem is that in general, it may not be a cocycle . 

Counterexamples with pointed Hopf algebras of dimension 32 in [ ABM1 ] show that in general 
it is not true that Ao£ = a is a cocycle that twists the Radford biproduct to a lifting. In this note, 
we construct further counterexamples where the Hopf algebras under consideration are liftings of 
a quantum plane. One involves a Hopf algebra of dimension 128 and the other a family of Hopf 
algebras of dimension r 4 s where r, s are any integers greater than 1, r, s not necessarily distinct. In 
Theorem 4.4, we find sufficient conditions to have A o £ equal to a cocycle that twists the Radford 
biproduct to the lifting of a quantum plane. 

To obtain this result we must first re-visit the computation of the twisting cocycle done in 
[ ABM1 Section 5] without the assumption that the parameters are all nonzero, and in Theorem 
3.9, we generalize this construction from the twisting of a quantum plane to the twisting of any 
quantum linear space. In particular, there is no restriction on the dimension of the space and our 
theory includes the case when q = — 1. We refer the reader also to GM, Sections 4,5] where the 
problem of finding the twisting cocycle is solved by applying (g-)exponential maps to Hochschild 
cocycles. 

2. Preliminaries 

Throughout this paper, T will denote a finite abelian group and H will denote the group algebra 
K[T]. Also W = ®f =1 Kxi will denote a quantum linear space with Xi £ where £ T, Xi £ T 
and R := B(W) will be the Nichols algebra of W. This means that we have: 

(QLS I) Xi(9j)Xj(9i) = 1 f or i 3\ 

(QLS II) Xi(ffi) is a primitive r,th root of unity. 



The following is proved in [AS2] or |BDG 



Proposition 2.1. For W a quantum linear space with Xi(9i) a primitive rith root of 1, all liftings 
A := A(ai,aij\l < i,j < 8) of B(W)#K[T] are Hopf algebras generated by the grouplikes and by 
(1, gi) -primitives Xi, 1 < i < 9 where 

hxi = Xi(h)xih; 

x ? = a *(! ~9?)\ 
XiXj = Xj{9i)xjXi + a l3 (l - g t gj), i ^ j. 

The last equality implies aji = —Xj(9i)~ 1(1 ij = ~Xi(9j) a ij > f or a H * 7^ j- 
Furthermore, if ai ^ 0, then 

(1) 9? + 1 and x? = e\ 
and if dij ^ then 

(2) gigj ^ 1 and XiXj = £■ 

In the next lemma, we list some well-known facts which we will refer to later. 

LEMMA 2.2. For W — ©f^W^ a quantum linear space as above, the following hold. 

i) If xi* = £ ( as occurs when ai ^ 0) then g^' commutes with all Xj. 

ii) // XiXj = £ (as occurs when aij ^ 0) and if we set q := Xi(9i) then 

a) Xi{9j) = q and Xj(gj) = X^^j) = Xj(9i) = Q^ 1 ■ 

b) giQj commutes with all Xk with k different from 

c) Xi commutes with g^j if and only if q 2 = 1 . 

Proof, i) We have g?Xj = X 3 {^Y l ^i9? = xT z {9j)Xjg r C = x g-\ 
ii) Part a) is clear. For part b) we have 

gigjXk = Xk(gigj)x k gigj = Xi{gk)~ 1 xAgk)~ l xkg l g ] = (xtXj)~ 1 (gk)x k gigj = x k gigj. 
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Let us prove c). By a), we have gig 3 Xi = Xi{9i)Xi{9j) x i9i9j = Q x i9i9j- n 



In |ABMl| , Section 5] a cocycle a which twists the Radford biproduct A := B(V)#K[T] = R#H, 
V a quantum plane, to a lifting of this graded Hopf algebra was computed. Then A a = R aii # eaR H 
is a lifting of A with the given scalars. However, there it was assumed that the scalars ai,a 2 ,a 
were nonzero and the equalities in Lemma [2.2| were used freely. 



Formulas using g-binomial coefficients (™) are essential to the arguments in [AJ3M1] and may 



be found in Q. For technical reasons, if n, i or n — i is negative, we set = 0. 

If x is (I, ^-primitive, g grouplike and gx = qxg then by the g-binomial theorem |k|, IV. 2. 2] 

(3) A(x N ) = Y ( N ) x n g N - n ® x N - n = Y ( N ) g n x N - n ® x" 



, - 1 



X n g N ~ n ® x rn g N-n-m g /-»-m i 



and thus we have also 

w v ' *-~fO<n<N t-^0<m<N-n \Tl J \ TTl ) 

Throughout we work over a field K of characteristic 0, and all maps are assumed to be if-linear. We 
will use Sweedlcr notation for the comultiplication in a A"-coalgebra C but with the summation sign 
omitted, namely A (a;) = xm ®X( 2 ) for x £ C. For C a coalgebra and A an algebra the convolution 
multiplication in Hom(C, A) will be denoted *. Composition of functions will be denoted by o or 
by juxtaposition when the meaning is clear. 

We assume familiarity with the general theory of Hopf algebras; good references are [Mo|. 
Radford biproducts were first introduced in Q|. 

3. The twisting cocycle for the lifting of a quantum linear space 



In this section we review the computations in [A.BM1, Section 5] without assuming that the 
lifting scalars are all nonzero (so that the conditions in Lemma |2.2| are not assumed) and extend 
the computations from a quantum plane to a quantum linear space. 

Recall that if A is a bialgebra, a convolution invertible map 7 : A ® A — > K is called a unital 
(or normalized) 2-cocycle for A when for all x,y, z G A, 

(5) 7 (j/(i) ® z {1) ) 7 (x ® 2/(2)2(2)) = 7 ( x (i) ® V(i)) 7 { X (2)V{2) ® z) , 

(6) j(x® 1) = 7(1 ® x) = £A(a:)- 

For a bialgebra A with a sub-Hopf algebra i?, we denote by Zj^ (A, if) the space of ii-bilincar 
2-cocycles for A, i.e., the set of cocycles 7 as defined above such that ^(ha^bh 1 ) = e{h)e{h')^{a®b) 



for a,b <E A, h, h! £ H. By [ ABM1, Lemma 4.5] every Ti-bilinear cocycle 7 is also f/-balanccd, i.e., 
for h € H, j(xh ® y) = 7(x ® 

If 7 £ Zj I (A,K) then A with multiplication rriA-t — 7 * tia * 7 _1 twisted by 7 is denoted A 1 
and is also a bialgebra Q . 

Lemma 3.1. Let A be a lifting of B(W)#k\T], possibly the trivial one. Suppose that 7 : A® A — > K 
is H -bilinear and H -balanced. For X = x" 1 . . . Xg " £ A write xx '■— X™ 1 * ••• * Xe" an d similarly 
for Y, Z . Then for h,g,l grouplike, checking the cocycle condition (j^) for a triple gX,hY,lZ is 
equivalent to checking for the triple X,Y, Z . 



Proof. 



7(W(i) ® lZ {1) )~f(gX ® hY [2) lZ (2) ) = ~f(gX {1) ® hY {l) )-y{gX i2) hY m ® IZ) 

> Xz{l)l{Y ( i) ® Z {1) )-f(Xh ® Y (2) Z (2) ) = X z{l)l{X (1) h ® r (1) )7(X (2) /iY( 2) ® Z) 

> Xx(M7(^(l) ® %)h(* ® ^(2)^(2)) = x x 1 (^)7(^(i) ® Y {1) )-,(X (2) Y {2) ® Z). 



□ 



Recall the following from 



ABM1 ] 
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Lemma 3.2. jABMl| , Corollary 5.2] Let 7 e Z 2 H (A,K) where A = B(V)#K[T], V a quantum 
plane. Suppose that X1X2 = £ so that the equalities in Lemma 2.i(ii) hold. If q l+k 7^ qi +l , then 
7 ±l {x\x{ ®x\x l 2 ) = 0. 

let P G Z 2 (A,K) and 



Lemma 3.3. ]ABM1| , Corollary 4.4] [Q, Lemma 1.4] For A a bialgeb 
7 6 Z 2 (AP,K). Thenj*p£Z 2 (A,K). 



in. 



Proposition 3.4. Let A = R#H where R, H, W are as defined thoughout. For a.; G K, 1 < i < 8, 
define H -bilinear maps "f Ui := 73, i = 1, . . . , 6, from A® A to K as follows: 7^=6 on all X ® Y 
for X, Y elements of B(W) of the form except that for < m < rj, 



(7) 



7i(x™ ®x^' 



and 7j is then extended to A® A by H-bilinearity. If a, 7^ 0, assume that Xi' = £■ 
T7ie maps 7$ Zie m Zfj(A,K) and furthermore these cocycles pairwise commute. 

Proof. If a,- = 0, then 7^=6 and satisfies the conditions to be a cocycle. Thus we assume that 
the ai are nonzero and that xC = £ - This condition ensures that 7,- is //-balanced since for any 
grouplike h, n(x?h ® x T C~ m ) = X~ m (^K = Jii^T ® 

By the definition of ji, condition (g) holds. By Lemma 3T it suffices to check condition (^) for 
the triple X, Y, Z where X, Y, Z have the form x^ 1 . . . x^ e . From the definition of 7$ both sides of 
(||) are unless all exponents Nj, i ^ j arc 0. The proof that 7^ is a cocycle now follows as in the 
proof of [ABM1, Proposition 5.3]. 

It remains to show that the cocycles pairwise commute. We show that 71 and 72 commute. The 
proof that 7$ and jj commute for any i 7^ j is the same. If either a\ or 02 is 0, there is nothing 
to prove and so we assume that the scalars are nonzero and Xi = £> i — 1, 2. Apply 71 * 72 and 
72 * 71 to x\x 2 ® x\x\ since 71 * 72 or 72 * 71 will be £r®r applied to any other elements of R ® R. 
Then using the fact that the 7$ are iJ-balanced and iJ-bilinear 



while 



71 * 72(^1^2 ® ^1^2) 



72 * 7i (x'a^ ® a;*^) 



7i (4 .92 ® ^1)72 (4 ® 4) 
ll {x\®g° 2 x k l ) l2 {x 2 ®x l 2 ) 



7 2 (x J 2 ® <?r4)7i (x\ ®xZ) 
(X2(gi)) kl Si+k,riSj+l,r 2 aia2 



(Xi(92)y k St + k. ri Sj + i,r 2 aia 2 , 



(Xi(ff2)) fc '<5 l +fe,r 1 '5j+^r 2 aia2 



since Xi(ff2)X2(fli) = 1- K j + I = r 2 then Xi(g 2 ) J+ ' = Xi(ff2) T 
expressions are equal and the proof is complete. 



X2 T ~ ) = 1 anc ^ so these 

□ 



Lemma 3.5. Let W, A, R, H and 74 := 7 Qi fee as m Proposition 8.4. 

i) Let j3i := 7^ : A ® A — > if /or some scalars TTien 7,; * f3j = f3j * 7,; for all i,j. Moreover 
7i * /3;(x™ ® x") = 5 n ,n+™(aj + &*)• ^4s a consequence 7" 1 = 7(_ 0i ). 
Lei -B fee i/ie lifting of A with parameter a%. Then A 11 = B. 

Hi) For any map 7 : A ® A — > K , we have that 7 G Zfj(A, K) if and only if 7 G Zf 1 (A~ <i , K). 

iv) We have that 71 * ... * 70 G Zf I (A, K). 

v) For any map ^ : A® A K , we have that 7 G Z|f(A K) if and only ifj€ Zj I (A~ ll *---*~" ) , K). 

vi) Let B be the lifting of A with parameters a\, ■ ■ ■ ,ag. Then A 11 *'"*^ = B . 



Proof, i) By Proposition |3.4| , 7,; * f3j = (3j * 7$ for all i 7^ j . It remains to check that ji * Pi = Pi * 7^ . 
But it is only necessary to check these maps on an element of the form x™ ® x™ and note that 
7i * Pi{xf ®xf) = S ri>n+m (ai + hi) = Pi * ji(x™ ® xf). In particular, we get j- 1 = 7(_ aj ). 

)A 1i — > A 1i changes the product of and x[ i_m 



ii) As in [ABM1|, the multiplication m, : A 1 

= ll (x?®x r t 



for < m < Ti, namely 

m 4 (x™ ®x\ % ~ 



) + x? + <7p7; (*r ® ^" m ) = Oi(l - g?). 



but all other products of elements of the form x\ or x s a are unchanged. Thus A 7i = B. This also 



follows from Proposition A. 5 
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iii) If 7^ ^ e then en ^ so that, by Lemma 2.2 part i), 1 — commutes with all Xj. Let 
7 : A ® A — > K . Then by the TJ-bilinearity condition on cocycles and the fact that e(l — g^) = 0, 
7 G Zfj(A, K) if and only if 7 G ^(A^ , K). 

iv) Part iii) together with Lemma |3~3| implies that for all 7 G Zjj(A, K) one has 7*74 € Zjj(A, K) 
for all i. Then 71 € Z'j J (A, K) implies 71 * 72 £ Z'f { (A, K) which implies (71 * 72) * 73 G Zj { (A, K). 
Extending this argument, we obtain 71 * • • • * 70 £ Zj 1 (A, K). 

v) From iii), 7 G Zj I (A,I<) 7 G Z 2 H {A lt ,K). But then, denoting i? := A 7 ', again using 
iii), 7 6 Z 2 H (B,K) <^=> 7 G Zj 1 (B^ ,K). Continuing in this way, we obtain that 7 G Zf^A,^) if 
and only if 7 6 Z 2 H (A^*-*~"> , K). 



vi) This follows by an argument similar to that in ii), or also follows from Proposition A. 5. □ 



Proposition 3.6. Let A = R^H with R,H as above. Let i < j, let aij be a scalar and assume 
that XiXj = e "if aij 0. Define the H-bilinear map 7^ := j aij from A® A to K as follows: 7y = e 
except that for < m < r i} 

and is then extended to all of A® A by H-bilinearity. Then jij G Zjj(A, K). 

Proof. If aij = 0, then 7^ = s. Let oy be nonzero so that XiXj = E - It is easy to check that the 
condition Xi = Xj 1 ensures that 7^- is ii-balanced. By the definition of 7^ the cocycle conditions 
need only be checked on triples of the form x™ 1 x™ 1 , x™ 2 x™ 2 , x™ 3 x" 13 . The proof is now the same 



as the proof of [ABM1, Proposition 5.6] with q = Xi(9i)i with i replacing 1 and j replacing 2. □ 



Note that 7^ (xj ® Xi) = —aij] the argument is in [ABM1]. 

By Lemma |3. 5J , 7^ *7i*. . .*je € Zjj(A, K). However the next example shows that 71 *. . .*76>*7ij 
may not lie in Zfj(A,K). 

Example 3.7. Let V be a quantum linear space, i.e. 8 = 2, and let a := ai 2 ^ and X1X2 = £ - 



The same example used to show that 712 and 71 do not commute in [ABM1, Section 5] shows that 
7i * 712 ^ Z\{A, K). We test 71 * 712 on the triple x\~ ,x 2 ,x\ where r = r\ = r2 since X1X2 = £■ 
Then the left hand side of (^|) is 

[(71 * 712X^2 ® (q+ [(71 * 7i2)(^ _1 ® Xi)] = (9 + l)aai- 

But the right hand side is 

[(71 * 7i2)(ffl'" 1 ® .92)] [(71 * Ji2)(x r 1 ~ 1 x 2 ® x?)] = g(g + l)aai. 

□ 

Note that if a lifting of a quantum linear space has scalars ^ and 7^ (or a^i 7^ 0) 
then r,; = 77 = r& = 2. For example, if 012,013 are both nonzero, then we must have that 
e = X1X2 = X1X3 so that X2 = X3 = X\ l - Tncn 1 = X3(.92)x2(ff3) = X2(.92)X3(.93) = 9293- By 
Lemma ^(ii), q 2 = 9f 1 = 93- Thus 1 = q\ so q x = q 2 = 93 = -1. 

We can now describe cocycles that twist B(W)H^K\T] to a lifting of this Radford biproduct. 

Let B be the lifting of A := B{W)fj^K\T] defined by a set of nonzero scalars c^, a^. Consider 
1,...,9 as vertices and construct a nondirected graph by drawing an edge between i and j if 
a.^ ^ 0. Let Ci be the set of vertices connected to i by some path. Then {1, . . . , 9} is the disjoint 
union of the connected components C T , r G T. 

Let 7 r be a cocycle such that 7 r is e on X = a;" 1 . . . Xg" <g) a;^ 1 . . . x^ 9 unless n< = JVj = 
for i ^ C T . Then we say that 7 r is a cocycle for the connected component C T . The next 



proposition, together with Proposition 3.4, shows that cocycles of the form 7i,7ij belonging to 



different connected components commute. Also if \C T \ > 2 so that all ri are 2, then the cocycles 



of the types 7^,7^ for C T also pairwise commute. We noted in Example 3.7 that this is not true 
in general. 
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Proposition 3.8. For W,R,H as throughout the paper, let A = R#H . For some i < j, let CHj be 
a nonzero scalar and suppose that XiXj = e an d 9i9j 7^ 1- Assume ri = rj. 

i) For an integer k let afc ^ and suppose that Xk° = £• Assume that either k {i,j} or 
r.i = rj = 2. Then 

lij * Ik = Ik * lij- 

ii) For integers k < m let a& m an d suppose that XkXm = £ an d ffc = r m . Assume that 
either k,m ^ {i,j} or n = Tj = 2. Then 

lij * 1km = 1km *lij- 

Proof. Let r := r t = rj and let q := Xi(9i) = Xjidj)' 1 - 

i) Clearly 7^ *7fc(A) = 7^ *jij(X) = unless the exponent of any x m in A G R® R, m 7^ i,j,k 
is 0. Suppose that i < j < k and we test equality of 7^ * ik and 7/. * 7^ on X = x™x l jX v k £g> xf x^x k . 

Hi * lk(X) = Hj{x?x\g p k ® xfxfg P )ik{x p k ® sg£) = x7 /P (5fe)^,o^L,o<5/,w^ P +p,r fc aA ; (0 ! 9a'- 

and 

lk*lij(X) = lk {g^g l ] xl®g^g^x^)-i i j{x'2x l :j ®x^x^) = Xk(9i) NP S n ,oS L ,oSi iN 5 p+ p, rk a k (l) \ q a\ 

and it remains to show that xj lp {9k) = Xk{9i) NP ■ Note that if <5;.jv 7^ then 

xj' P {9k) = xJ Np (9k) = Xi P (9k) since XiXj = £ 
= Xk~ Np (.9i) since Xi(.9k)Xk(.9i) = 1. 

But Xk(gi) N = 1 if p + P = rfe since x£ fc = e. The cases k < i < j and i < k < j are 
similar. 

Now suppose that k = i so that r = 2 and q = —1. As above, it suffices to test equality of 
7y * 7» and 7, * lij onI = x™Xj <8> xfx^. In fact, since it is clear that both 7.^ * 7, and 7, * 7^ 
are on A" unless L = 0, we assume that X = x"x^- ® xf and, since A < r = 2, without loss of 
generality we may assume that TV = 1. Then 

7ii * li(X) = J2[ =Q Q 7iM*j ® *ifli-*)7*« ® 4" fe ) 
= 7*j(4 ® 5i)7i0" ® Xi) + Hj(x\ ® Xi^Xi ® 1) 

and a similar computation shows that 7,-*7y(A) = 5i.o^n,iOi+ft,i^n,oOij. Similarly lij*lj = lj*lij- 

ii) Set s := = r TO and let g' = Xk(9k)- First suppose that i < j < k < m. It suffices to check 
equality of these products of cocycles on an element X of the form x^x^x^x^ ® x^ Xj'x^x^ . 

lij * lkm(X) = jijix^glg™ ® x?xfg P g%)i b (xlxZ ® x£x£) 

= x7 iM (5m)^n+i+p+w,o^,Jv(Z)!« tt y^,pM!9' a fcm> 

and 

= X PN (gi)o~n+L+ P +w,oo~w,p (w) \q'a km 6i tN {iy-qa l i:j . 

But, computing as in part i), xj lw {.9m) = x[ w {9m) = X^tft) = x{ W {9i) and since if these 
expressions are nonzero then w = P and I = N, we are done. The cases i < k < j < m and 
i < k < m < j arc handled similarly. 

Suppose that k — i so that r = s = 2, and suppose that i < j < m. We test equality of 7^ * 7i m 
and liui *lij on A = a^a^-x^ (^xfx^x^ and it is clear that both maps applied to A give unless 
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= L = P = 0. Thus we let X = x l jX v m ® xf and then we may assume that N = 1. Then 

* — <w=0 \W / 



and 



7im * 7«(*) = E 1 of 1 ) W<?R <8 ^S^by^ ® x]- w ) 

— *w= Y'UJ / q 

= itm{g)x p m ® gt)^ij{x l d ® Xi) + n m (g l jX p m ® 2^)7^(2^ ® x ) 

The remaining cases z < m < j , etc., have similar proofs. □ 
Now suppose B is a lifting of A := B(W)#.fr[r] with nonzero scalars Oj, ay . Then by Proposition 



2.1 , we must have that if a* ^ 0, g^ 7^ 1 as well as x? = £ and if ay 7^ then g^j ^ 1 as well 



as XiXj = £• We construct a cocycle that will twist A to B from the cocycles for the connected 
components. 

Theorem 3.9. For each connected component C T define a T £ Zjj(A,K) by the following: 

• If \C T \ = 1, i.e., C T = {i} for some i, then define a T = 7.;/ 

• If \C T \ = 2, i.e., C T = {i,j} for some i < j, then define a T = 7y * 7i * jj. 

• If \C T \ > 2, i.e., C T = {ii,i 2 , ■■■Jn} with i„ < i n+1 , define a T = (H i<:j 7y) * (IIfc=i 7iJ- 
Lei a = IItst 01 "- a is a cocycle and the cocycle twist A a is isomorphic to the lifting B 

with scalars a*, ay as above. 

Proof. First we show that a T £ Zf 1 (A, K) when C T has more than 2 elements. In this case = 2 
and gj = — 1 for every i £ C r so that for all i, j with ay 7^ 0, 1 — gigj is in the centre of A. Then 
by the same argument as in Lemma 3.5 (iii), 7 £ Zjj(A,K) if and only if 7 £ Zj 1 (A lij , K). From 
Lemma 3.5(iv), 7 £ Zfj(A,K) if and only if 7 £ Zj i (A li , K) and so the fact from Proposition 3.S 
that the 7y and 7^ commute for any i,j,k £ C T implies that a T £ Zjj(A, K). 

Similarly for t 7^ w, from the fact that 1 — gp commutes with all ay and 1 — gtgj commutes 
with all Xk for k 7^ then by the argument in Lemma 3.5, a T £ Zfj(A,K) if and only if 
a T £ Z%(A U ,K). Thus a £ Z%(A,K). 



The last statement follows as in [ABM1, Proposition 5.9], or by Proposition |A.6[ □ 

Remark 3.10. The twisting cocycle a constructed above is not unique. Cocycle s 7 such that 
A 1 = A are discussed in jcj] where it is noted that such cocycles form a group. In [|BCf these are 
called lazy cocycles. So we have that the twisting cocycle is unique only up to multiplication by a 
lazy cocycle, that is, A a — A@ if and only if /3 _1 o a is a lazy cocycle. 

Note that in the definition of 7^ (respectively 7y) it is not required that gp 7^ 1 (<7j<y 7^ 1). 
However, if gp = 1 (respectively gigj = 1) then the cocycle is a lazy one; twisting by such a cocycle 
gives the trivial lifting. 



4. When is the twisting cocycle of the form A o £? 

Recall the motivating question. For any Hopf algebra A = R#^H, is 7^ = A o £ a cocycle for 
R? If so, then twisting A by this cocycle, extended to A, gives a Radford biproduct, as desired. 

Let Rjj=cH as before be a lifting of a quantum plane. In this section, we present our main 
results; we give sufficient conditions for the composition of the cocycle £ for the pre-bialgebra and 
the total integral A on if to be a cocycle which twists the Radford biproduct to the given lifting in 
the setting of H = K[T] and V a quantum plane. Recall that the total integral A on K[T] is given 
on generators by X(g) = <5 9je , the Kronecker delta, where g £ T and e denotes the unit of T. The 
following, together with the examples of dimension 32 in [ ABM1 show that Ao£ = Ao7ro mA a is 
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not always equal to a, where a is the cocycle from the previous section. To construct our examples 
below it is useful to have an explicit form of a for a quantum plane. 



Remark 4.1. (cf. ]ABMl| , Section 5]) For A = B(V)#K[T], V a quantum plane, we summarize 
the action of the cocycle a := 7 Q * 71 * 72 on A ® A. For < i, k, m, n, t we have 

(i) a(z ® 1) = a(l ® z) = e(z) for all z £ A. 

(ii) a(x™ O x™) = 5„ +m , ri aj. 

(iii) o(xf = 0. 

(iv) a(x\ <g> x\x™) = = a(x\x2 ® x™). 

(v) 0(355* = <J„, m (m)!,a m . 

(vi) a(x 2 ® a^xg 1 ) = & J+m , r2 +fc(fc) g (fc)! g a fc a2- 

(vii) o^xf ® x™) = 8 i+m>ri+k (^) q (k)\ q a k a x . 

(viii) a(x l 1 x§®xfx t 2 ) = <5 l+ln ^ +t (i+m-r)! g ( j ,': t ) (? ( i , m 4 )^ l *a l+m - r aia2 where a ^ 0, r = n = r 2 . 
(ix) a(x\x\ ® xfx 2 ) = 5 l+m , ri 5 k +t,r 2 Xi (92)0,10,2 for a = 0. 

Example 4.2. Let r, s be integers greater than 1 and let F = C rs x C r = (g) x (h) be the product 
of two cyclic groups. Let V = Kx\ © i4Tx2 be a quantum plane where x\ £ Vg X and X2 6 ^-i/i 
with = q, q a primitive rth root of 1 and xW = 9 2 - 

We verify that V is a quantum plane and that the conditions (|l|) and (|^) needed to form a lifting 
with nonzero scalars 01,02, a hold. 

• x(s _1 h)X _1 (ff) = q~ 1 q 2 q~ 1 = L 

• x(ff) = q an d X G? = qq 2 — 9 with both q, g" 1 primitive rth roots of unity; 

• g r ^ 1 and g~ r h r = g~ r ^ 1; 

• ffi.92 = gg^ 1 h = h^l; 

• X r = e arL d by definition X1X2 = £■ 

Now let B be a lifting of A = £>(V)#A'[r] with nonzero scalars 01,02 and with a arbitrary. 

7j k[T}( 



Wc know B = A a where the cocycle a £ Z 2 K < V AA,K) is given in Remark LI. Thus a(x\X2 €5 



r— 1 r — 1\ — 1 

X 1 X 2 ) = q OiCl2- 



Let A denote the total integral from the group algebra K\T] to K. Then 

XTrniA" {x\X2 ® x r 1 ~ 1 x r 2 ~ 1 ) = Xn \x\ (qx\X2 + a(l — ,91.92)) x r L ~ 2 x 1 2~ 1 ~\ . 
Continuing in this way, since tt(x\x 2 ) = for < i < r, we obtain 

Att^x^) = Att [g-^iaaCl - g r )(l - <r r /i r )] 
= g- x aia2A[l - a r - o" r /i r + 1] 
= 2q~ 1 aia 2 = 2a(xiX 2 ® x[ )• 
Thus, here, A o 7r o m^a 7^ a. □ 

Example 4.3. Let r = Cs = (c) be the cyclic group of order 8. Let V = Kx\©Kx2 be a quantum 
plane where xi £ V* and X2 £ V\ with x(c) = 9, 9 a primitive 4th root of 1. Verifying that 
is a quantum plane and that ([!]) and (Q) hold, we compute: 

• x(c 5 )x _1 (c) = 9 5 9 _1 = l; 

• x( c ) = 9 an d X _1 ( c5 ) = 9~ 5 = Q with both q,q~ x primitive 4th roots of unity; 

• cV 1 and (c 5 ) 4 = c 4 56 1; 

• 31.92 = c 6 ^ 1; 

• X 4 = £ an d by definition X1X2 = e. 

Now let B be a lifting of A = £>(V)#-£T[F] with nonzero scalars ax, a and with 02 arbitrary. We 
know £> = A a where the cocycle a £ Z^-^AA, K) is given in Remark 4.1. Thus a(xfx^ <8> x\) = 

(2) q (2)\ q a 2 ai = (3)! g a 2 ai = (9 - l)a 2 ai. On the other hand 
A-7rmA= (xjx^ ® xf) = A7r [x^X2(x2Xi)x 2 ] 

= A7T [xfx 2 (9x1X2 + a(l — c 6 )) Xj] = gA7r [xiX 2 (xix 2 )x 2 ] + a\ir [xiX 2 (l - c 6 )x 2 ] 
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c°Xi = —XiC e and c 6 and x 2 commute. Computing the first summand we obtain: 
qXn [x l (qxiX2 + a(l - c 6 )) (qxiX2 + a(l - c 6 )) xi] 
= qXn [q 2 x\ {x 2Xl ) 2 + 2qaxf(l + c 6 )x 2 x 1 + a 2 x\{\ + c 6 ) 2 ] 
= qaiX [(1 - c 4 )tt (-x 2 x 1 x 2 x 1 + 2qa(l + c 6 )x 2 x 1 + a 2 (l + c 6 ) 2 )] 
= q ai X [(1 - c 4 ) (-a 2 (l - c 6 ) 2 + 2ga 2 (l + c 6 )(l - c 6 ) + a 2 (l + c 6 ) 2 )] 
= gaia 2 A [4c 6 - 4c 2 + 4g(l - c 4 )] 
= 4g 2 aia 2 = —Aa\a 2 . 
Computing the last summand we obtain: 

aXir [x\x 2 x\{\ - c 6 )] = aX [it (x\(x 2 xi)xi) (1 - c 6 )] 

= aX [it {x\{qxix 2 + a(l - c 6 )) Xl ) (1 - c 6 )] 
= aX [[qir(xlxix 2 xi) + ait{x\{\ - c 6 )xi)](l - c 6 )] 
= aA [ 9 7r(x 4 a;2Xi)(l - c 6 ) + aai(l - c 4 )(l + c 6 )(l - c 6 )] 
= ai a 2 A [q(l - c 4 )(l - c 6 ) 2 + (1 - c 4 )(l + c 6 )(l - c 6 )] 
= aia 2 A [2q(c 2 ~ c 6 ) + 2(1 - c 4 )] = 2aia 2 . 
Thus A o 7r o to^q (^i^ 2 ® xf) = — 2ai<2 2 7^ a(xfx 2 ® x\). 

Of course the examples above only show that A o tt o m^o is not the cocycle a; it is not known 
whether or not A o tt o rriA<* is a cocycle. Note also that in [ABM2 we investigate deformations 
of Hopf algebras with the dual Chevalley property which naturally involves A o it o niA" just as a 
gauge transformation and not necessarily a cocycle. 

Next we show that in many cases (<?i<?2) r 7^ 1 is enough to ensure that a twisting cocycle for the 
lifting of a quantum plane is the composite of the integral and the cocycle for the pre-bialgebra. 

Theorem 4.4. Let V = Kx\ © Kx 2 be a quantum plane with x% £ V™- Let R = B(V), and let 
A := RffH. Let B := A{a\,a 2 ,a) be a lifting of A. Let a be the cocycle that twists A into B, i.e. 
A a = B. Then B = R aR # £aR H . Suppose that one of the following conditions holds: 

(i) a = 7, for i = 1 or 2; 

(ii) a = 71 * 72 and g^g^ 2 ^ 1; 

(iii) The parameter a := a\ 2 is nonzero, r is odd or r = 2 and {g\g2) r 7^ 1 where r := r\ = r 2 ; 

(iv) The parameter a is nonzero, r = 2r' > 2 and (gig 2 ) tr 7^ 1 where t G {1,2,3} and 

{gmY g r 2 ± 1 + G?i) r (<?i<?2) r ' ■ 

Then for X the total integral on the group algebra H = K[T], 

X o s aR = a R . 



Proof. By ]ABMl| , 4.11], B = A a = R aR # £aR K[T] and itm Aa = e aR = u H a R *e*(H®a- 1 )p mR 
so that 

A o e aR — a R * (A ® a R ~)pR®R. 

Thus since a R is convolution invertible, A o e aR = a R if and only if (A <g) ct R ^)p R ® R = e R ® R . 

Suppose first that a = 7,; and assume that a, 7^ 0. Then a -1 = 7_ ai , the cocycle defined 
exactly as 7, is but with a, replaced by — <Zj, and for < n < r,, (A (8 a _1 )pij®^(a;™ (8) x[ i_ ") = 
A(gp )(— a,) = since if a, 7^ 0, 7^ 1. It is clear that (A ® a )/9.r®.r = £,r®.r on all other 
elements of R ® -R and so the statement holds if a = 7*. 

Now suppose that a = 71 * 72 with a%, a 2 nonze ro. Then a -1 = 72 * 7f 1 so that again a and 
a -1 are nonzero on the same elements. By Remark 4.1, a R can be different from e only on elements 
of the form z = xf <g> x^'" or z = x^xf <g) x r 1 1 ~ n x 2 2 ~ m . In the first case (A ® a~^)p mR {z) = by 
the argument above and in the second case, this holds by the assumption that g[ 1 g r 2 7^ 1. 

Finally assume that o^O. Then X2 = X\ X ■ Suppose that Xi(.9i) = Qi a primitive rth root of 
unity. Then 1 = Xi(92)X2(ffi) forces Xi(ff2) = 9 and X2(.92) _1 = 9 as in Lemma 2.2. By Lemma 
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U, a 1 (x\x{®x\x L 2 ) = eRtg,R(x\x J 2 ®44) unless q l+k = q j+l . Clearly (A®a i? 1 )p fi8 _ R (l_R(g)l_ R ) 



1 = £r®r{1r ® 1_r) and it remains to show that (A ® a™ )/9ft®ii(a;i4 ® 44) = for i + fc = j + I 



mod r with i + j + k + I > 0. 

Suppose that i + k = so that i = k = 0. Then j + I = r and (A <g> c^ 1 )/^®/?^ ® 4) — 
\{g r 2 )a- 1 {x j 2 ®x l 2 ). If a 2 7^ then , g r 2 f 1, and A(g£) = 0. If a 2 = 0, then or 1 (4 <8> 4) = ~ a 2 = 0. 
The case where i + fc = r and j + I = is similar. 

Now consider < i + k < 2r, < j + I < 2r and j + I = i + k mod r. Then 

(\®a R 1 ) PmR (x\x 2 ®x k x 2 ) = A(sfj +fc ^ +i )a _1 (44 ®44)- 

This expression is unless gl +k g 3 2 +l = 1. If g\ +l g 2 +l = 1 then 1 = Xi(.gi +fc 5^ +i ) = q 2 ( t+fc ) so that 
r divides 2(i + k). If r is odd, then r must divide i + k and thus i + k= j + l = r. If (.91(72)' 7^ 1, 

then (A ® )/3ft®fl0£i4 ® 44) = 0- 

If r = 2, then the nonzero possibilities for i + k and j + I are 1 and 2. Thus i + k = j + I. If 
i + k = j + 1 = 1 then since gig 2 7^ 1, the statement holds. If i + k = j + 1 = 2 = r, then (<?i<72) 2 7^ 1 
guarantees that (A ® a^p^^a;^^ ® 44) = 0- 

Suppose r = 2r' > 2. Then q 2 (*+ fc ) = 1 implies that r' divides i + k so that i + k = j + I E 
{r', 2r' = r, 3r'} or else i + k = r' , j + I = 3r' or i + k = 3r',j + I = r' . The conditions in (iv) 
imply that in all cases (A ® a R 1 )pn^ > ii(x\x 2 (g> 44) =0. □ 

The above theorem can be used to find sufficient conditions for a ~ X o e aR for various quan- 
tum linear spaces, although general statements become unwieldy. The next corollary is a simple 
extension of (ii) in the theorem. 



Corollary 4.5. Let W = ® e i=1 Kxi be a quantum linear space and A := B(W)#K[T] = R#H 

r ii r i 

i& ■■■9 jt 



Let a E Z%(A, K) be of the form a = Yl ieI Ji with L C {1, . . . , 6} and 7, 7^ e. If g^ 1 . . . g^ / 1 



for {ji, . . . ,jt} any nonempty subset of I, then A o 7r o vtlb = cur. 
Proof. The proof is the same as the proof of the sufficiency of (i) or (ii) in the above theorem. □ 

Appendix A. Basis preserving multiplications 

Throughout this appendix, as in the paper, T is a finite abelian group, H is the group algebra 
K[T], and W — Y^,i=i^ x i 1S a quantum linear space with Xi E W£ . As well, throughout this 
section A = R#H with R = B(W). When needed for emphasis we write -a for multiplication in 
A] if the context is clear we write multiplication in A as concatenation. 

Definition A.l. Consider a map /i : A <E> A — > A and denote by x y the product n(x <g> y) for all 
x, y E A. We say that /1 preserves the basis of A whenever fi is iJ-bilinear (where A ® A is an 
iJ-bimodule via h(a ® b)k = ah®bk and A is an TJ-bimodule via h(a)k = hak), iJ-balanced (i.e. 
fi(ah 06) = fi(a ® hb)), associative and unitary with respect to 1,4 and for all < rij < r% — 1, g E F 

/q\ n\ no 'pi^i -pi.no 

\o) X 1 ■ ■ ■ Xg g ~ X 1 ■ ■ ■ Xq 'h9- 
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Note that 7J-bilinearity of fi implies that for h, I E H, h-^l = hi. Let denote x{ ni ■ "^Xg 
Since for all < n, < r- t —l,gE T, 

X,j, -fj, g = Xf, ^ (l A g) = (Xp l A ) g = X^g 

then (||) is equivalent to 

(a\ T «i . . T «« _ ~n ™i .... 

The proof of the next lemma is immediate. 

Lemma A. 2. Let fi : A ® A — > A be H -bilinear, H -balanced, associative and unitary with respect 
to 1a- Then fi preserves the basis of A if and only if the following conditions hold: 

(1) x\ Am ■fj.Xi = x i A< ' m+1 ^ for all i and for all < m < — 1; 
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(2) ( Xl Ani -A----A xf^- 1 ) > x s An ° = Xl Ani -A----A x^- 1 -a x s An ° for all 1 < s < 9 and for 
all < rii < Ti — 1. 

Lemma A. 3. Let /i : A® A — > A be a map which preserves the basis of A. Suppose that for each 
i there exist mi,rii with < mi,ni < n — 1, mi + n.; = rj, such that x' Ami - M ^ ATl< £ i? and sei 
ftj := Xj Ami ■„ a;^ An *. ^4feo suppose for all 1 < j < i < 9 then Xj •„ Xj — Xj (Si) Xi € H and set 
ti,j := Xi - M Xj - \j {9i)xj 'p, Xi. Then fi is completely determined by (/i l ) 1 < i < e , (/Vy)i <„,„<<?• 

Proof. Let X = x™ 1 ■ ■ ■ x™° = x[ mi > • • • > x^ m " , Y = x™ 1 ■ ■ ■ Xg S = x{ 1 • • • > Xg ne . Since ^4 
has basis {Xg = X - M .g|X as above , g £ T}, yu is determined by the elements {X g) - M (Y h) 
for g,h S r and 

(A •„ ff ) •„ (F •„ ft) = X •„ (.g •„ (Y •„ ft)) " lof L H - lin X .„ ( ff (y„ ft)) 

= a ( fl (yft)) = X (Ygh) x (g) = (X) .„ (Y) .„ (gh) x (g) , 

where x = X™ 1 * • • • * Xg" so that fj, is determined by the elements X - M Y. It is straightforward to 
prove by induction on n > 1 that 

„. M (n-t) „>(m-t) 

't=0 

where /Sj^.n,* (ti,j) £ ^ only depends on t/i, . . . , c/g, xi, . . . , xe and ft;j. Note that ( |l0| ) holds also 
for to = or ?i = 0. 
Thus 

X > ^ = Ho< tl <„ il+ni ,.. ,0<t,<m 9 +n, XlAltl " ' ' M ^ 7tl '- '* e V hu > v ^<u,v<e) 

where 7 tl , (Cv^i^^e) 6 # only depends on 51, . . . ,g e , %i, . • . ,Xe and (/V")i<„,„<r 

Since x™ = X? for n < r, and a;/' ri = x/' m * - M a;/'™ 1 = x™ 1 x™ 1 = ft, £ i?, it remains to 
consider a;/ where n > r». Suppose that n = gr^ + i?. Then 

T > n _ T >[ fl +P'i]_ r > Ji , L> r <V"9 _ „ R . h q - r R h q 

Xi — Xi — Xi ft ^Xj J — Xj fi lli — Xj /tj 

and the statement is proved. □ 



™ ^ ^ — -min(m,n) /■„ + \ /™ + \ ■ ■ 

I.- 1 -"/ x i M x j — Z-^if-n 3 P i f ^rn,n.t \""i>,3 ) 



Proposition A. 4. For W,H,R,A as defined throughout this appendix, let B :— A(aj,ay|l < 
hj < 0) be a lifting of A where aj,ay are scalars, not necessarily nonzero. 

Let ip : A — > B map the basis of A to the basis of B by Lp(x' Ani ■ a ' ' ' ' A x s Ane -a g) = x^™ 1 -b 
■ ■ ■ ■ b x'f 710 -b <?• Then ip is an H -bilinear coalgebra isomorphism. Let c : A ® A — > A be defined by 
£ := ip~ 1 mB (v ® (p)- Then 5 preserves the basis of A. If we regard A as an algebra through <;, <p 
is a bialgebra isomorphism. 

Let fj, : A® A — > A be a map which preserves the basis of A. Suppose that for each i there exist 
mi,rii with < mi, Hi < r, — 1, m t + ?i; = r,, such that x i A " li x' Ant = ai(lA — gV') and that 
Xi -ft x.j - Xj (gi) xj -L, Xi = a.y (1 - gigj) for all 1 < j < i < 9. Then fx = 

Proof. Since the coalgebra structures of A and B are defined in the same way with respect to 
the corresponding basis, tp is a bijective coalgebra map. Furthermore, ip is ii-bilinear since for 

A A A A Xg , Ji-B — X 1 -B ■ • -B X e , X — Al * * Xe ) 

<£> [ft -A (Aa -a ff) "A = tp [X (fy ( X A -A g) -A ft 'A I] 

= <p\X (h) (X A -a g) -a (hi)] = x (ft) (X B -b g) -b (hi) 

= x (ti) (x B -b g) ' b (ft ■Bl) = h ■ b (x B -b g) -bI = h-B tp (x A -a g) -b l- 

Since tub preserves the basis of B, then s preserves the basis of A. 

For all < m < r t — 1, n = — to, we have that Xj Am - ? x^™ = aj(lyi — gp) since 

ip- 1 [ip (x Am ) -B V (XT)] = tp' 1 (XT -B XD = ^ {X.D - ^ ( ai (l B - g?)) . 

For 1 < j < i < 9, we have 

Xj - ? Xj = tp' 1 [tp(Xi) - B tp(Xj)] = ip^ 1 (Xj ■ b Xj) 
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V -1 (Xj (fli) xj -b Xi + a tJ (l B - gtQj)) = Xj (9i) Xj -a x t + oy(U - g l gf) 

Xj - s Xi = (fi^ 1 [(fi (Xj) ■ B <P (Xi)] = (fi^ 1 (Xj - B Xi) = Xj -A Xi 



so that Xi \Xj~Xj (<7i) Xj \Xi = ^(Ia - 5t5j) - By Lemma A. 3, \i is now completely determined. □ 

Proposition A. 5. Let B := A(a l ,a ij \l < i,j < 9) be an arbitrary lifting of A. For 1 < s < 9, let 
A s be the subalgebra of A generated by X±, . . . , x s , g\, . . . , g s . Then A s is generated by elements of 
the form hx'^ ni ■ a ' ' ' ' A x s ATls where < nj < r, — 1, 1 < i < s. Let 7 £ Zfj(A, K) and suppose 
that for all 1 < i < 9, < n%, rrii < r, — 1, 



(11) 
(12) 

(13) 

(14) 

Then A 1 = B. 



7 W« ® x\ Ami ) = E A {x\ Ani )E A {x\ Ami ) ifm +m i <r i -l, 
7 (z <g> x/ 1 " 3 ) = £a (z)ea (x/ 1 ™ 3 ) /or a/Z z £ A s _i and 1 < s < 



7 (xj A(r * ^ (g> x^ = 



7 (xi ® ) = dij , /or all 1 < j < i < 



Proof. First we note that (11) and ( p"2[ ) also hold for 7" 1 . To see this, apply 7 * 7 _1 = mx(e ® e) 
to elements of the form x' Ani ® x' Ai or z (g) x s Ans where 2 £ A s -i- 

Also, applying 7 * 7 _1 = (e ® e) to elements of the form z ® Xi where 2 £ A, we see 
immediately that 

(15) 7 _1 (z ® Xi) = -7 (z ® Xi) , for 1 < i < 6. 

Let fi := thai = 7 * toa * 7 _1 - First we check that preserves the basis of A. Let i £ {1, . . . , 6}, 
and write x for Xi , g for gi , q for Oi , r for r^ , a for o^ . For l<m+l<r— 1, 

x m •„ x i 7 (x|™ ) O ff)x^ )ff7 - 1 (x^ ) ® x) + 7 (x^ } <g> ff)x^ ) x 7 - 1 (x^ ) ® 1) 

+ 7 (x^ ® x)x™ )7 - 1 (x™ ) ® 1) x m+1 + * m+ i, r [a(l - g r )] = x m +\ 



and Lemma A. 2(1) holds. A similar argument shows that Lemma A. 2 (2) holds and so fi preserves 
the basis of A. Now, again denoting 

(0) fo L7 , 7" 1 



7(x r_1 ® x)l A + 7(.g , '~ 1 ® 5)x r + 7 _1 (x r_1 <g> x)g r 
— gf r a + alyi = a (1 — g' ) . 
For all a, 6 £ {1, . . . ,6}, 

<H>.<H) 



a; a > a;& -g a gbi (x a ® z&) + -^aXf, + 7 (x a ® a; 6 ) 1^ = x a x 6 + 7 (x a ® x b ) (1 A - g a i 
Therefore for all 1 < j < i < 9, since XiXj = Xj(9i)xjXi in A, 



^1 fi 



^3 Xj (.9*) Xj 'n Xi 



= [xi -a Xj + 7 (xi (g> x^ (1a - _ Xj {9i) [xj -a Xi + 7 (xj ® x<) (1a - .9j.9i)] 

= 7 (xj ® x 3 ) (1a - 9i9j) - X] (fli) 7 (^j ® Xi) (1a - ffjffi) 
= [7 (xi <g> Xj) - X] (9i) 7 (xj ® Xi)] (1 - giffj) 



The statement now follows from Proposition A. 4 



□ 



Proposition A. 6. Let B := A(ai,ajj|l < i,j < 9) be an arbitrary lifting of A as in the previous 
proposition. Let a £ Zj 1 (A,K) be defined as in Theorem 3.i. Then A a = B. 
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Proof. It suffices to check that the conditions in Proposition A. 5 hold. 

Let T = {n, . . . , r s } . For i G {I, . . . , 0} there exists a unique r (i) £ T such that i S C T ^y 
Since a Tj = £a®a on the sub-bialgebra of A generated by the Xi, i ^ C Tj , then for any z S A, 
< it < n — 1, 



(16) a(z®i") 



a Ts (z ® x") = a T (j) (z (g) x") , and a (x" g> z) = a T (j) (x" ® z) 



Now (0)- (|lj) follow immediately from the definitions of the cocycles 7j and 7y. 



□ 



Acknowledgement: Thanks to the referee for his/her careful reading of this note. 
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